Conventional quantization of two-dimensional diffeomorphism and Weyl invariant theories sacrifices the latter symmetry to anomalies, while maintaining the former. When alternatively Weyl invariance is preserved by abandoning diffeomorphism invariance, we find that some invariance against coordinate redefinition remains: one can still perform at will transformations possessing a constant Jacobian. The alternate approach enjoys as much "gauge" symmetry as the conventional formulation.
Here R is the scalar curvature and K −1 satisfies
Eq.
(1) results after definite choices are made to resolve ambiguities of local quantum field theory: it is required that Γ P be diffeomorphism invariant and lead to the conventional trace (Weyl) anomaly. This translates into the conditions that the energy-momentum tensor
be covariantly conserved (diffeomorphism invariance of Γ P ),
and possess a non-vanishing trace (Weyl anomaly).
Equations (3)- (5) can be integrated to give (1); also from (1) and (3) one finds that
where Φ is the solution to
1 When the gravity field g µν is viewed as externally prescribed, Θ P µν is the vacuum matrix element of the operator energy-momentum tensor for the quantum field φ. Eq. (6) has been derived by M. Bos [2] , not by varying the Polyakov action [1] , but by direct computation of the relevant expectation value.
One easily verifies that (6) obeys (4) and (5) . Notice that the traceless part of Θ P µν satisfies
It is well known that one can make alternative choices when defining relevant quantities.
In particular, one can abandon diffeomorphism invariance and obtain an alternate effective action Γ, which is Weyl invariant because it is a functional solely of the Weyl invariant
This ensures vanishing trace for the modified energy momentum tensor.
Here γ µν is the matrix inverse to γ µν ,
and detγ µν = detγ µν = −1.
In this Letter we study more closely the response of Γ to diffeomorphism transformations when Weyl symmetry is preserved. We find that diffeomorphism invariance is not lost completely; rather it is reduced: Γ remains invariant against transformations that possess a constant (unit) Jacobian -we call this S-diffeomorphism invariance. 3 In the absence of diffeomorphism invariance, Θ µν is no longer covariantly conserved; nevertheless we shall show that S-diffeomorphism invariance restricts the divergence of Θ µν [essentially to the form given in (8)]. We shall argue that our alternative evaluation follows the intrinsic structures of the theory more closely than the conventional approach.
2 See Ref. [3] . A point of view that provides another alternative to Polyakov's approach has recently appeared in Ref. [4] . 
B.
Before presenting our argument, we define notation and record some formulas. The 2-dimensional Euler density is a total derivative.
But R µ cannot be presented explicitly and locally in terms of the metric tensor and its derivatives as a whole; rather it is necessary to parametize g µν = √ −gγ µν . We define
and parametize the light-cone
Then the formula for R µ reads
where the explicit parametrization (14) is needed to present the last term in (15). 4 (Here ǫ µν is the anti-symmetric numerical quantity, normalized by ǫ 01 = 1.)
Even though the last contribution in (15) to R µ is not expressible in terms of g µν or γ µν , its arbitrary variation satisfies a formula involving only γ µν .
4 This is analogous to what happens with a Chern-Simons term. Upon performing a gauge transformation with a gauge function U , the Chern-Simons term changes by a total derivative. However, direct evaluation of the gauge response includes the expression ω =
, which can be recognized as a total derivative only after U is explicitly parametrized. For example, in SU(2) U = exp θ, θ = θ a σ a /2i, and ω = ∂ α ω α where
with |θ| ≡ √ θ a θ a ; see Jackiw in [5] .
Note that the right side equals −γ 
one verifies that
where L f in the Lie derivative with respect to f µ , and
This non-tensorial transformation rule nevertheless ensures a scalar transformation law for
Consequently, a world scalar action may be constructed by coupling vectorially R µ to a scalar field Ψ,
invariance is verified from (13) after partial
integration. An axial coupling also produces a world scalar action,
this follows from (18).
Finally we remark that the last term in (15) naturally defines a 1-form a ≡ (cosh β −1)dα and the 2-form ω = da = sinh βdβdα. These are recognized as the canonical 1-form and the symplectic 2-form, respectively, for SL (2, R). Indeed ω also equals
ω is the Kirillov-Kostant 2-form on SL (2, R). 
C.
The Lagrange density for our theory reads
Equivalently, a first-order expression may be given,
where E and P are the free-field energy and momentum densities
Here dot and dash signify time (x 0 ≡ t) and space (x 1 ≡ x) differentiation, respectively.
The gravitational variables enter as Lagrange multipliers, inL
enforce vanishing E and P. It is seen that only two of the three independent components in g µν are present: σ = ln √ −g does not occur in L orL, which depend only on γ µν -this is of course a manifestation of Weyl invariance.
In spite of the absence of σ in the classical theory, Polyakov's quantum effective action ln det K, where K is the kernel present in the classical action.
Formally the determinant is given by the product of K's eigenvalues, det K = Π λ λ, but it still remains to formulate the eigenvalue problem. The diffeomorphism invariant definition recognizes that K is a density, so eigenvalues are defined by
and the inner product involves an invariant measure
In this way σ = ln √ −g enters the calculation.
However, one may say that it is peculiar to introduce into the determination of eigenvalues a variable that is not otherwise present in the problem. (Below we shall also argue that it is unnatural to insist on diffeomorphism invariance.)
As an alternative to (24) one may define eigenvalues without inserting σ,
and use a σ-independent inner product.
It follows that the effective action will be as in (1), with σ set to zero.
Here R is the scalar curvature computed with γ µν (γ µν ) as the contravariant (covariant) metric tensor. From (13) -(15) we have
Evidently Γ is a functional solely of γ µν ; since it does not depend on σ it is Weyl invariant, leading to a traceless energy-momentum tensor as in (11).
Of course the definitions (25) do not respect diffeomorphism invariance; however they are invariant against S-diffeomorphisms. Consequently Γ also is S-diffeomorphism invariant.
With the help of (15), (26) and (28) we can exhibit the relation between Γ P and Γ. Using (13) and (15) to evaluate (1), and integrating by parts the terms involving σ to remove the non-local kernel K −1 , leaves
Thus the diffeomorphism invariance restoring terms, present in Γ P , add to Γ a local expression, which is a quadratic polynomial in σ. The locality of Γ P −Γ highlights its arbitrariness, but Γ has the advantage of not involving quantities extraneous to the problem. [Formula (29) may also be presented as
Infinitesimal coordinate transformations make use of two arbitrary functions f µ , see (17).
S-diffeomorphisms possess unit Jacobian, so infinitesimally ∂ µ f µ = 0; consequently only one function survives.
Since Weyl transformations
also make use of a single function, replacing diffeomorphism invariance, involving two arbitrary functions f µ , by Weyl and S-diffeomorphism invariance still leaves two arbitrary functions, f and W . Indeed, similar to diffeomorphism invariance, the combination of Weyl and S-diffeomorphism invariance can be used to reduce a generic metric tensor, containing three functions, to a single arbitrary function.
In particular by using their respective symmetries, we can bring Γ P (g µν ) and Γ(γ µν ) into equality. Diffeomorphism invariance allows placing g µν into the light-cone gauge, where g −− = 0, g +− = 1 and g ++ is the arbitrary function h ++ [1] . Correspondingly, with Sdiffeomorphism invariance we can set to zero the (−−) component in γ µν and the (+−) component to unity. This is achieved by passing from the original variables {x µ } and metric function γ µν (x) to a new quantities {x µ } andγ µv (x), where
Either sign may be taken in γ +− ± 1 and c 2 = 1. One then finds
Upon identification ofγ ++ with h ++ , Γ P = Γ in the selected gauge.
Under an infinitessimal diffeomorphism
so it follows from (30) that for S-diffeomorphisms
and invariance is equivalent to vanishing of the integrand.
, which for traceless Θ µν may be written as
, where d µ is a covariant derivative constructed from γ µν . Consequently, the restriction given by S-diffeomorphism invariance can be presented in a Sdiffeomorphism invariant way as
This implies that
which is the constraint on the divergence of the energy-momentum tensor mentioned earlier.
Computing Θ µν from (29) gives
where ϕ satisfies [compare (6) and (7)]
Clearly Θ µν is traceless, and one readily verifies that
[compare (8)], which is consistent with (35).
Finally we remark that even under S-diffeomorphisms R µ does not transform as a vector.
One finds from (15), (18) and (28)
where the vector field f µ is now −ǫ µν ∂ ν f ; thus here
Although selecting between Weyl and S-diffeomorphism invariance on the one hand or conventional diffeomorphism invariance on the other remains a matter of arbitrary choice, as is seen from the fact that the effective actions for the two options differ by local terms, the following observations should be made in favor of the former.
D.
Up to now, the gravitational field g µν was a passive, background variable. Consider now the puzzles that arise when it is dynamical; i.e. g µν is varied. With a single Bose field, it is immediately established that the classical theory does not possess solutions. This is seen from the equation that follows upon varying g µν in L,
which implies that g µν ∝ ∂ µ φ∂ ν φ, so that g vanishes and g µν does not exist; alternatively φ must be constant and g µν undetermined. If there are N scalar fields, whereupon the effective action acquires the factor N, the above difficulty is avoided, because
need not be singular. Nevertheless (40) (with field bilinears replaced by sums over the N fields) requires the vanishing of positive quantities
again only the trivial solution is allowed.
The quantum theory in Hamiltonian formulation also appears problematic, in that the constraints of vanishing E and P cannot be imposed on states. With one scalar field, the momentum constraint requiring that φ ′ Π acting on states vanish -this is the spatial diffeo- i [E(x), E(y)] = i [P(x), P(y)] = (P(x) + P(y))δ ′ (x − y)) (41a)
i [E(x), P(y)] = (E(x) + E(y)) δ
Note that all the above troubles, both in the classical theory and in the Dirac-quantized
Hamiltonian theory, revolve around diffeomorphism invariance, not Weyl invariance. Indeed the same troubles persists for massive scalar fields, which are not Weyl invariant.
Thus when a quantum theory is constructed by a functional integral (not by Hamiltonian/Dirac quantization) it is natural that it should reflect problems with diffeomorphism invariance -reducing it to S-diffeomorphism invariance. Weyl invariance on the other hand could survive quantization.
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